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COMPARING MULTIPLIER IDEALS TO TEST IDEALS ON
NUMERICALLY Q-GORENSTEIN VARIETIES
TOMMASO DE FERNEX, ROI DOCAMPO, SHUNSUKE TAKAGI, AND KEVIN TUCKER
Abstract. We show that the reduction to positive characteristic of the multiplier ideal
in the sense of de Fernex and Hacon agrees with the test ideal for infinitely many primes,
assuming that the variety is numerically Q-Gorenstein. It follows, in particular, that this
reduction property holds in dimension 2 for all normal surfaces.
Introduction
It has been understood for a while now that there is a connection between the theory of
multiplier ideals in characteristic zero and the theory of test ideals in positive characteristic
(cf. [Smi00,Har01,Tak04,MS11,BST]). But one of the puzzling features of this connection is
its asymmetry: test ideals are defined for arbitrary varieties, but multiplier ideals are only
defined after imposing some conditions on the singularities (namely one requires the variety
to be (log) Q-Gorenstein). It is therefore natural to wonder if there are extensions of the
theory of multiplier ideals beyond the Q-Gorenstein case, and what could be their relation
to test ideals. One such possible generalization has been proposed in [dFH09], where only
normality is assumed to define the multiplier ideal. This theory is still largely unexplored,
and few tools are available for its study.
In [BdFF12,BdFFU], the authors introduce and study a new class of singularities, called
numerically Q-Gorenstein singularities, which encompasses the class of Q-Gorenstein singu-
larities. It turns out that the theory of multiplier ideals on normal varieties, as introduced
in [dFH09], becomes particularly simple on numerically Q-Gorenstein varieties. One key fea-
ture is that while on arbitrary normal varieties the definition of multiplier ideals requires an
asymptotic construction which involves infinitely many resolutions, multiplier ideals on nu-
merically Q-Gorenstein varieties can always be computed from one resolution of singularities,
just like in the Q-Gorenstein case.
The purpose of this note is the following theorem, where multiplier ideals in the sense
of [dFH09] are related to test ideals assuming the variety is numerically Q-Gorenstein.
Theorem 1. Let X be a numerically Q-Gorenstein variety over an uncountable algebraically
closed field k of characteristic 0, and let Z be an effective Q-Cartier Q-divisor on X. Given
a model of (X,Z) over a finitely generated Z-subalgebra A of k, there exists a dense open
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subset S ⊆ SpecA such that for all closed points µ ∈ S,
J (X,Z)µ = τ(Xµ, Zµ).
Here J (X,Z) denotes the multiplier ideal of the pair (X,Z) in the sense of [dFH09], and
τ(Xµ, Zµ) is the (big) test ideal of the pair (Xµ, Zµ).
Since every normal surface is numerically Q-Gorenstein (cf. [BdFF12, Example 2.29]), the
theorem applies, in particular, to all pairs (X,Z) where X is any normal surface and Z is an
effective Q-Cartier Q-divisor on X.
Theorem 1 is an extension of the results on (log) Q-Gorenstein varieties [Smi00, Har01,
Tak04]. It remains open, at the moment, whether the same property holds on all normal
varieties (this question is considered for instance in [Sch11, Remark 6.2]). We hope that our
theorem, apart from bringing evidence to this, will also show that numerically Q-Gorenstein
varieties provide a natural framework for the theory of singularities of pairs.
The paper is organized as follows. In section 1 we review the theories of multiplier ideals in
the sense of [dFH09] and of numerically Q-Gorenstein singularities. In section 2 we discuss the
theory of test ideals and the previously known relations to multiplier ideals. In section 3, we
give the proof Theorem 1. In the last section, we briefly discuss the numerically Q-Gorenstein
condition in positive characteristics and ask some natural open questions.
Acknowledgments. This paper is the result of a project started during the AIM workshop
“Relating test ideals and multiplier ideals,” Palo Alto, August 8–12, 2011.
1. Multiplier ideals
Consider a pair (X,Z), where X is a normal variety, defined over an algebraically closed
field k of characteristic 0, and Z is an effective Q-Cartier Q-divisor on X. The normality of
X guarantees the existence of canonical divisors KX on X.
The classical way of associating a multiplier ideal to (X,Z) assumes that KX is Q-Cartier
(the Q-Gorenstein condition) or, more generally, that we fix an effective Q-divisor ∆ such
that KX +∆ is Q-Cartier. Then we consider a log resolution π : Y → X of ((X,∆), Z) and
pick canonical divisors KX on X and KY on Y in a compatible way: π∗KY = KX .
Definition 2. The sheaf of ideals
J ((X,∆), Z) := π∗OY (⌈KY − π
∗(KX +∆+ Z)⌉)
is called the multiplier ideal of ((X,∆), Z). When X is Q-Gorenstein we write J (X,Z)
instead of J ((X, 0), Z).
In [dFH09] a multiplier ideal is defined without using an auxiliary boundary ∆. For this,
consider log resolutions πm : Ym → X of (X,Z) with the following extra conditions: the
inverse image of the fractional ideal OX(−mKX) is of the form
OX(−mKX) · OYm = OY (−f
♯(mKX)),
for some Cartier divisor f ♯(mKX) on Ym with simple normal crossings with Ex(πm) ∪
Supp(π∗mZ). After picking canonical divisors KYm and KX with π∗KYm = KX , we define
Km,Ym/X := KYm −
1
mf
♯(mKX).
Definition 3. The sheaf of ideals
Jm(X,Z) := πm∗OYm(⌈Km,Ym/X − π
∗Z⌉)
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is called the m-limiting multiplier ideal of (X,Z). The multiplier ideal J (X,Z) of the pair
(X,Z) is the maximal element of the set of m-limiting multiplier ideals:
J (X,Z) := Jm0(X,Z) =
∞∑
m=1
Jm(X,Z),
where m0 is sufficiently divisible (the condition on divisibility depends both on X and Z).
If KX is Q-Cartier, then the sequence of m-limiting multiplier ideals stabilizes to the
classical J (X,Z) as soon as m is divisible by the Cartier index of KX , and in particular
both definitions of J (X,Z) agree in this case. The following result relates the two notions
in general.
Theorem 4 ([dFH09, Theorem 1.1]). The multiplier ideal J (X,Z) is the unique maximal
element of the set of multiplier ideals J ((X,∆), Z) where ∆ varies among all effective Q-
divisors such that KX +∆ is Q-Cartier. In particular, there is one such ∆0 such that
J (X,Z) = J ((X,∆0), Z) =
∑
∆
J ((X,∆), Z).
In general it is not clear how to detect when the sequence of m-limiting multiplier ideals
stabilizes. A priori, one might need to take into account infinitely many resolutions to
determine that we have computed J (X,Z). The condition of numerically Q-Gorenstein
singularities, introduced and studied in [BdFF12, BdFFU], is designed to provide a work-
around for this issue.1
Definition 5. A (Weil) divisor D on a normal variety X is said to be numerically Q-Cartier
if for some (equivalently any) resolution of singularities π : Y → X, there is a (Q-Cartier)
Q-divisor D′ on Y that is π-numerically trivial (that is, it has zero intersection with all π-
exceptional curves on Y ) and satisfies D = π∗D
′. When D is numerically Q-Cartier, the
Q-divisor D′ as above is uniquely determined for each resolution Y . We denote it π∗numD and
call it the numerical pull-back of D to Y .
Definition 6. When KX is numerically Q-Cartier, then we say that X is numerically Q-
Gorenstein. In this case, given a resolution π : Y → X, and canonical divisors KY and KX
with π∗KY = KX , we define
KnumY/X := KY − π
∗
numKX .
In the case of surfaces, the notion of numerical pull-back was introduced by Mumford. In
fact, it follows from the Negativity Lemma that all divisors on normal surfaces are numerically
Q-Cartier, and in particular all normal surfaces are numerically Q-Gorenstein.
Another useful example to keep in mind in order to compare this notion with the more
common notion of Q-Gorenstein singularities is the case of cones. Suppose X is the cone over
a projective manifold V polarized by a projectively normal divisor L (so that X is normal).
Then X is Q-Gorenstein (resp., numerically Q-Gorenstein) if and only if L is Q-linearly
proportional (resp., numerically proportional) to KV (cf. [BdFF12, Lemma 2.32]).
The main reason the notion of numerical Q-Gorenstein singularities is useful in the context
of multiplier ideals is the following result.
1The definitions of numerically Q-Cartier and numerically Q-Gorenstein given here follow [BdFFU]; they
are equivalent to the definitions of numerically Cartier and numerically Gorenstein given in [BdFF12].
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Theorem 7 ([BdFFU, Theorem 1.3]). Assume that X is numerically Q-Gorenstein. For
every log resolution π : Y → X of (X,Z), we have
J (X,Z) = π∗OY (⌈K
num
Y/X − π
∗Z⌉).
2. Test ideals
A field k of characteristic p > 0 is said to be F -finite if [k : kp] < ∞. Let V be a
normal variety defined over an F -finite field of characteristic p > 0, and let W be an effective
Q-divisor on V . Let F e : V → V denote the eth iteration of the absolute Frobenius morphism.
Definition 8. We define the test ideal2 τ(V,W ) of the pair (V,W ) to be the smallest nonzero
ideal sheaf J ⊆ OV which locally satisfies the following condition: for every e ≥ 0 and every
map φ ∈ HomOV (F
e
∗OV (⌈(p
e − 1)W ⌉),OV ), we have
φ
(
F e∗J
)
⊆ J.
Theorem 9 ([Sch11, Corollary 5.2]). Suppose that W is an effective Q-Cartier Q-divisor on
V . Then we have
τ(V,W ) =
∑
Γ
τ(V,Γ +W )
where the sum runs over all effective Q-divisors Γ on V such that KV + Γ is Q-Cartier.
We now recall how test ideals behave under reduction to characteristic zero. We refer
to the sources [MS11, Section 2.2] and [HH99] for a detailed description of the process of
reduction to characteristic zero.
Let X be a normal scheme of finite type over a field k of characteristic zero and Z ( X
be a closed subscheme. Choosing a suitable finitely generated Z-subalgebra A of k, we can
construct a scheme XA of finite type over A and closed subschemes ZA ( XA such that
(ZA →֒ XA) ⊗A k ∼= (Z →֒ X). We can enlarge A by localizing at a single nonzero element
and replacing XA and ZA with the corresponding open subschemes. Thus, applying generic
freeness [HH99, (2.1.4)], we may assume that XA and ZA are flat over SpecA. We refer to
(XA, ZA) as a model of (X,Z) over A. If Z is a prime divisor on X, then possibly enlarging
A, we may assume that ZA is a prime divisor on XA. When D =
∑
i diDi is a Q-divisor on
X, let DA :=
∑
i diDi,A.
Given a closed point µ ∈ SpecA, we denote byXµ (resp. Zµ, Di,µ) the fiber ofXA (resp. ZA,
Di,A) over µ and denote Dµ :=
∑
i diDi,µ. Then Xµ is a scheme of finite type over the residue
field κ(µ) of µ, which is a finite field of characteristic p(µ). After enlarging A if necessarily,
Xµ is normal, the Di,µ are prime divisors, and Dµ is a Q-divisor on Xµ for all closed points
µ ∈ SpecA.
Question 10. LetX be a normal variety over an algebraically closed field k of characteristic 0
and Z be an effective Q-Cartier Q-divisor on X. Suppose we are given a model of (X,Z)
over a finitely generated Z-subalgebra A of k. Then does there exist a dense open subset
S ⊆ SpecA such that
J (X,Z)µ = τ(Xµ, Zµ)
for every closed point µ ∈ S?
When KX is Q-Cartier, this property was established by Smith and Hara [Smi00,Har01].
Their result was extended to all log pairs by Takagi, who proved the following result.
2It has been traditionally called in the literature the big (or non-finitistic) test ideal.
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Theorem 11 ([Tak04, Theorem 3.2]). With the above notation, suppose that ∆ is an effective
Q-divisor on X such that KX +∆ is Q-Cartier. Given a model of (X,∆, Z) over a finitely
generated Z-subalgebra A of k, there exists a dense open subset S of SpecA such that for all
closed points µ ∈ S,
J ((X,∆), Z)µ = τ(Xµ,∆µ + Zµ).
Question 10 remains in open in general. Theorem 1 settles the question when KX is
numerically Q-Cartier
Remark 12. In the setting of Theorem 9, it is an open question whether τ(V,W ) is actually
equal to τ(V,Γ +W ) for some effective Q-divisor Γ such that KV +Γ is Q-Cartier. Further-
more, suppose V = Xµ is a general closed fiber of a deformation XA → SpecA, where X is a
normal variety defined over a field of characteristic 0 and A is a finitely generated Z-subalgebra
of k. Similarly, supposeW = Zµ is obtained from an effective Q-divisor Z on X. If we assume
that there exists an effective Q-divisor Γ on V such that τ(Xµ, Zµ) = τ(Xµ,Γ+Zµ), it is also
an open question whether such Γ could be reduced from characteristic 0 (cf. [Sch11, Ques-
tion 6.3]).
3. Proof of the theorem
As in Theorem 1, let X be a numerically Q-Gorenstein variety over an uncountable alge-
braically closed field k of characteristic 0, and let Z be an effective Q-Cartier Q-divisor on
X. Suppose we are given a model of (X,Z) over a finitely generated Z-subalgebra A of k.
Let π : Y → X be a fixed projective log resolution of (X,Z). After possibly enlarging A, we
may assume that we have a model of π over A, and that πµ is a projective log resolution of
(Xµ, Zµ) for all closed points µ ∈ SpecA.
It follows from Theorem 4 that
J (X,Z) = J ((X,∆), Z)
for some effective Q-divisor ∆ on X such that KX+∆ is Q-Cartier. Enlarging A if necessary,
we may assume that a model of ∆ over A is given, KXµ +∆µ is Q-Cartier and
J (X,Z)µ = J ((X,∆), Z)µ
for all closed points µ ∈ SpecA. By Theorem 11, after possibly enlarging A, we may assume
that
J ((X,∆), Z)µ = τ(Xµ,∆µ + Zµ)
for all closed points µ ∈ SpecA. Then, since by Theorem 9 we have
τ(Xµ, Zµ) =
∑
Γ
τ(Xµ,Γ + Zµ),
where the sum runs over all effective Q-divisors Γ on Xµ such that KXµ +Γ is Q-Cartier, we
obtain
J (X,Z)µ ⊆ τ(Xµ, Zµ)
for all closed points µ ∈ SpecA.
To finish the proof, we need to show that the reverse inclusion
(3.1) τ(Xµ, Zµ) ⊆ J (X,Z)µ
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also holds for almost all µ ∈ SpecA. It suffices to show that there exists a dense open subset
S ⊆ SpecA such that for every closed point µ ∈ S and every effective Q-divisor Γ on Xµ
such that KXµ + Γ is Q-Cartier, one has
τ(Xµ,Γ + Zµ) ⊆ J (X,Z)µ.
On the one hand, by [Tak04, Theorem 2.13] (see also [BST]) there is always an inclusion
τ(Xµ,Γ + Zµ) ⊆ πµ∗OYµ(⌈KYµ − π
∗
µ(KXµ + Γ + Zµ)⌉).
Since by Theorem 7 we have
J (X,Z) = π∗OY (⌈K
num
Y/X − π
∗Z⌉),
after possibly enlarging A, we may assume that
J (X,Z)µ = πµ∗OYµ(⌈(K
num
Y/X )µ − π
∗
µZµ⌉)
for all closed points µ ∈ SpecA. Therefore, the proof of the theorem is complete once we
establish the following property.
Proposition 13. There exists a dense open subset S ⊂ SpecA such that for every closed
point µ ∈ S,
KYµ − π
∗
µ(KXµ + Γ) ≤ (K
num
Y/X)µ.
The proof of the proposition uses the Negativity Lemma (cf. [KM98, Lemma 3.39]) in the
following more precise formulation. We say that an irreducible projective curve C in a variety
X is movable in codimension 1 if it belongs to an irreducible family of curves whose locus in
X is dense in a codimension 1 subset of X.
Lemma 14. Let π : Y → X be a projective resolution of a normal variety over an uncountable
algebraically closed field of characteristic 0, and assume that the exceptional locus of π has
pure codimension 1. Then there are finitely many irreducible curves C1, . . . , Cs in Y such
that
(a) each Cj is π-exceptional and movable in codimension 1, and
(b) for every divisor D on Y , if D · Cj ≥ 0 for all j and π∗D ≤ 0, then D ≤ 0.
Proof of Proposition 13. Let E1, . . . , Et be the prime exceptional divisors of π : Y → X, and
let C1, . . . , Cs be the irreducible curves on Y satisfying the properties listed in Lemma 14.
By possibly enlarging A, we can assume that E1,µ, . . . , Et,µ are the prime exceptional
divisors of πµ : Yµ → Xµ, and that C1,µ, . . . , Cs,µ are πµ-exceptional and movable in codi-
mension 1. Furthermore, we assume that the reduction is such that Ei,µ · Cj,µ = Ei · Cj and
KYµ · Cj,µ = KY · Cj for all i, j and all µ.
Fix µ ∈ SpecA. We consider the Q-divisor
Fµ := KYµ − π
∗
µ(KXµ + Γ)− (K
num
Y/X)µ + (πµ)
−1
∗ Γ,
where Γ is an arbitrary effective Q-divisor such that KYµ +Γ is Q-Cartier. We need to show
that Fµ is anti-effective. Since it is exceptional, we can write
Fµ =
∑
aiEi,µ.
Then Fµ lifts to characteristic 0, as it is the reduction of the divisor
F =
∑
aiEi.
So it suffices to check that F ≤ 0. To this end, by Lemma 14 we only need to check that
F · Cj ≥ 0 for all j.
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Note that π∗µ(KXµ + Γ) · Cj,µ = 0 since π
∗
µ(KXµ + Γ) is πµ-numerically trivial. Moreover,
since Ci,µ is πµ-exceptional and movable in codimension 1, and (πµ)
−1
∗ Γ does not contain any
πµ-exceptional component, we have that (πµ)
−1
∗ Γ · Cj,µ ≥ 0. Therefore:
F · Cj = Fµ · Cj,µ
≥ (KYµ − (K
num
Y/X)µ) · Cj,µ
= (KY −K
num
Y/X)µ · Cj,µ
= (KY −K
num
Y/X) · Cj
= (π∗numKX) · Cj
= 0.
The last equality follows from the fact that π∗numKX is, by definition, π-numerically trivial,
and that Cj is π-exceptional. 
Proof of Lemma 14. Our goal is to reduce to the usual Negativity Lemma for surfaces (es-
sentially the Hodge Index Theorem, see [KM98, Lemmas 3.40, 3.41]). The idea is that we
can check for anti-effectivity of a divisor D ⊂ Y by considering its restrictions D|T , where
T ⊂ Y is a subsurface. But D|T will be anti-effective if intersects non-negatively with the
π-exceptional curves of T . The problem is that in principle one might need to use a different
T depending on the divisor D, and we are lead to an infinite family of curves. The main
observation is that, given an integer e, it is possible to use the same T for all divisors D
whose irreducible components have image in X of codimension e.
In more detail, we proceed as follows. First we assume that X is quasi-projective, which
is allowed because the problem is local with respect to X. Let n ≥ 3 be the dimension of X.
We fix very general hyperplane sections L3, . . . , Ln in X, and H3, . . . ,Hn in Y . For every
e = 2, 3, . . . , n we consider the surface Te ⊂ Y given by
Te = (H3 ∩ · · · ∩He) ∩ π
−1(Le+1 ∩ · · · ∩ Ln).
Notice that Te is smooth. We let Se be the normalization of π(Te), and πe : Te → Se the map
induced by π. The exceptional locus of πe consists of finitely many curves, which we denote
Ce,1, . . . , Ce,me . We will show that the finite set of curves
{ Ce,j | e = 2, 3, . . . , n, j = 1, 2, . . . ,me }
has the properties required by the lemma.
Since Te is cut out by very general members in base-point free linear systems, each of
these curves Ce,j is movable in codimension 1 inside X, and part (a) of the lemma holds. To
prove part (b), we need more information on how these curves Ce,j intersect the irreducible
components of the exceptional locus of π.
Let E be an exceptional prime divisor, and let
B := π(E) ∩ Le+1 ∩ · · · ∩ Ln.
Note that
Te ∩ E = H3 ∩ · · · ∩He ∩ (π|E)
−1(B),
where π|E : E → X is the restriction of π to E. Note also that Te ∩E, if nonempty, has pure
dimension 1. Denoting by c the codimension of π(E) in X, we have the following cases:
(i) If c > e, then B is empty and E is disjoint from Te. In particular, E · Ce,j = 0 for all
j.
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(ii) If c = e, then B is zero-dimensional and (π|E)
−1(B) is a union of general fibers of
π|E . In particular, Te ∩ E is nonempty and each irreducible component is equal to
Ce,j for some j.
(iii) If c < e, then B is an irreducible set of positive dimension, and (π|E)
−1(B) is ir-
reducible as well. Then Te ∩ E is an irreducible curve and is not π-exceptional. In
particular, E does not contain Ce,j for any j, and hence E · Ce,j ≥ 0 for all j.
We now prove part (b) of the lemma. Suppose D is a divisor on Y such that π∗D ≤ 0 and
D ·Ce,j ≥ 0 for all e, j. Write D = D1 + · · ·+Dn where each De is supported exactly on the
irreducible components of D whose image in X has codimension e. We claim that De ≤ 0
for every e. We prove this by induction on e. For e = 1, this is the condition that π∗D ≤ 0.
Assume e > 1. By (ii), Te intersects properly every component of De, and if E is irreducible
component of De then Te ∩ E is a general complete intersection in (π|E)
−1(B). If E′ is a
different irreducible component of De, and B
′ := π(E′) ∩ Le+1 ∩ · · · ∩ Ln, then (π|E)
−1(B)
and (π|E′)
−1(B′) do not have any components in common, since the hyperplane sections
Le+1, . . . , Ln are general. It follows that the restrictions E|Te and E
′|Te share no common
components. Therefore it is enough to show that De|Te ≤ 0. Again by (ii), we see that
the irreducible components of De|Te are of the form Ce,j for some j (that is, De|Te is πe-
exceptional). In particular, using the Negativity Lemma for surfaces, it is enough to show
that De|Te · Ce,j ≥ 0 for all j. Since, by (i), De′ · Ce,j = 0 whenever e
′ > e, we have that
D · Ce,j = (D1 + · · · +De) · Ce,j = (D1 + · · ·+De−1) · Ce,j +De · Ce,j.
By induction we know that D1 ≤ 0, . . . ,De−1 ≤ 0, and we know by (iii) that Ce,j is not
contained in the support of D2+ · · ·+De−1. Moreover, Ce,j is movable in codimension 1 and
since it is π-exceptional, the locus spanned by its deformations is π-exceptional. This implies
that the intersection of Ce,j with each of the components of D1 is non-negative. Therefore
we see that (D1 + · · · + De−1) · Ce,j ≤ 0. By hypothesis we know that D · Ce,j ≥ 0, so we
must have that De|Te · Ce,j = De · Ce,j ≥ 0, as required. 
4. Some open questions
The notion of a numerically Q-Cartier divisor given above and studied in [BdFF12,BdFFU]
is, at first glance, particular to characteristic zero where resolutions of singularities are known
to exist. However, in arbitrary characteristic, one may just as well make use of the regular
alterations provided by [dJ96]. Recall that a regular alteration of a variety X is a proper sur-
jective morphism π : Y → X where Y is regular and dimY = dimX. We extend Definition 5
to all characteristics as follows.
Definition 15. A (Weil) divisor D on a normal variety X over an algebraically closed field
is said to be numerically Q-Cartier if, for some regular alteration π : Y → X, there is a (Q-
Cartier) Q-divisor D′ on Y that is π-numerically trivial (that is, it has zero intersection with
all π-exceptional curves on Y ) and satisfies D = π∗D
′. When D is numerically Q-Cartier, we
denote D′ by π∗numD and call it the numerical pull-back of D to Y .
The fact that D′ in the definition is uniquely determined by the given conditions follows by
the Negativity Lemma [KM98, Lemma 3.39] applied to the Stein factorization of π. Since the
pull-back of a Cartier divisor to a dominating regular alteration remains relatively numer-
ically trivial, the existence of a numerical pull-back of D to an arbitrary regular alteration
follows exactly as in [BdFFU, Proposition 5.3], and one can replace π by an arbitrary reg-
ular alteration in the definition. In particular, in characteristic zero the above definition is
equivalent to Definition 5.
COMPARING MULTIPLIER IDEALS TO TEST IDEALS 9
Lemma 16. Suppose that D is a numerically Q-Cartier Q-divisor on X and π : Y → X is
any regular alteration. For any Weil divisor E on Y , we have
OX(⌊D⌋) · π∗OY (E) ⊆ π∗OY (⌊E + π
∗
numD⌋).
Proof. We are free to assume that X is affine. Suppose we have global sections of OX(⌊D⌋)
and π∗OY (E), i.e. we have f ∈ K(X) ⊆ K(Y ) with divX(f) +D ≥ 0 and g ∈ K(Y ) with
divY (g) + E ≥ 0. Since divY (f) + π
∗
numD is π-trivial as divY (f) = π
∗divX(f) and also
π∗ (divY (f) + π
∗
numD) = divX(f) + D ≥ 0, the Negativity Lemma once again implies that
divY (f) + π
∗
numD ≥ 0. It follows that divY (fg) + E + π
∗
numD ≥ 0 and so f · g is a global
section of π∗OY (⌊E + π
∗
numD⌋) as desired. 
Proposition 17. Suppose that X is a normal variety over an algebraically closed field of
positive characteristic. Let Z be an effective Q-divisor on X so that KX + Z is numerically
Q-Cartier, and π : Y → X a regular alteration. Then
τ(X,Z) ⊆ Trπ (π∗OY (⌈KY − π
∗
num(KX + Z)⌉)
where Trπ : π∗ωY → ωX is the corresponding trace map.
Proof. The statement is local, so we are free to assume X is affine. Let
J = Trπ (π∗OY (⌈KY − π
∗
num(KX + Z)⌉) = Trπ (π∗OY (KY − ⌊π
∗
num(KX + Z)⌋) .
It is clear that J is a fractional ideal sheaf: furthermore, using that X is normal, we may
verify J ⊆ OX by checking on the smooth locus of X where KX + Z is Q-Cartier. See
[BST, Proposition 2.18] for a proof.
The conclusion follows if we can show φ(F e∗J) ⊆ J for all e > 0 and all
φ ∈ HomOX (F
e
∗OX(⌈(p
e − 1)Z⌉),OX ).
By use of duality for a finite morphism (see [BST]), using that both sheaves are reflexive, we
have that
HomOX ((F
e
∗OX(⌈(p
e − 1)Z⌉),OX ) = F
e
∗OX(⌊(1 − p
e)(KX + Z)⌋) · 〈TrF e〉
where the action on the right is premultiplication of the trace of Frobenius TrF e : F
e
∗ωX → ωX .
Thus, we must show
(4.1) TrF e (F
e
∗ (OX (⌊(1− p
e)(KX + Z)⌋) · J)) ⊆ J.
To that end, using Lemma 16, we have
OX(⌊(1 − p
e)(KX + Z)⌋) · J
⊆Trπ (π∗OY (KY − ⌊π
∗
num(KX + Z)⌋+ ⌊(1− p
e)π∗num(KX + Z)⌋)
⊆Trπ (π∗OY (KY − p
e⌊π∗num(KX + Z)⌋))
after verifying that for any Q-divisor D, −⌊D⌋+ ⌊(1− pe)D⌋ ≤ −pe⌊D⌋. Equation (4.1) now
follows using [BST, Proposition 2.18] and the functoriality of the trace map:
TrF e (F
e
∗OX(⌊(1− p
e)(KX + Z)⌋) · J)
⊆TrF e◦π (F
e
∗π∗OY (KY − p
e⌊π∗num(KX + Z)⌋))
⊆Trπ (π∗ (TrF e(F
e
∗OY (KY − p
e⌊π∗num(KX + Z)⌋))))
⊆Trπ (π∗OY (KY − ⌊π
∗
num(KX + Z)⌋) = J.

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As above in characteristic zero, one may define a normal variety in positive characteristic to
be numerically Q-Gorenstein if the canonical class is numerically Q-Cartier. However, given a
model of a numerically Q-Gorenstein variety X in characteristic zero over a finitely generated
Z-algebra A, it is unclear whether Xµ remains (geometrically) numerically Q-Gorenstein for
an open subset of closed points µ ∈ SpecA. Said another way, given the behavior of nefness
in families (cf. [Lan,Les]), it is unclear if numerical pull-back can be preserved after reduction
to positive characteristic. In a sense, this is the difficulty which must be avoided in proving
Theorem 1, as otherwise one could use Proposition 17 in order to verify (3.1).
Given the main results of [BST, BSTZ10], it would seem natural to ask the following
questions.
Question 18. Suppose that X is a numerically Q-Gorenstein variety over an algebraically
closed field of positive characteristic.
(a) Is it true that τ(X) = Trπ (π∗OY (⌈KY − π
∗
numKX⌉)) for all sufficiently large regular
alterations π : Y → X? More generally, can one find an alteration that achieves
equality in Proposition 17?
(b) Suppose, in addition, that X is strongly F -regular, and let Z be a Q-Cartier divisor
on X. Are the F -jumping numbers of the test ideals τ(X,λZ) for λ ∈ Q≥0 a discrete
set of rational numbers? In particular, is the F -pure threshold of (X,Z) rational?
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